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Abstract
The class of self-conjugate-reciprocal irreducible monic (SCRIM) polynomials
over finite fields are studied. Necessary and sufficient conditions for monic irre-
ducible polynomials to be SCRIM are given. The number of SCRIM polynomials
of a given degree are also determined.
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1 Introduction
A polynomial f(x) of degree n over a finite field Fq (with f(0) 6= 0) is said to be
self-reciprocal if f(x) equals its reciprocal polynomial f∗(x) := xnf(0)−1f
(
1
x
)
. A
polynomial is said to be self-reciprocal irreducible monic (SRIM) if it is self-reciprocal,
irreducible and monic. SRIM and self-reciprocal polynomials over finite fields have
been studied and applied in various branches of Mathematics and Engineering. SRIM
polynomials were used for characterizing and enumerating Euclidean self-dual cyclic
codes over finite fields in [3] and for characterizing Euclidean complementary dual
cyclic codes over finite fields in [7]. In [2], SRIM polynomials have been characterized
up to their degrees. The order and the number of SRIM polynomials of a given degree
over finite fields have been determined in [8].
In this paper, we focus on a generalization of a SRIM polynomial over finite
fields, namely, a self-conjugate-reciprocal irreducible monic (SCRIM) polynomial.
The conjugate of a polynomial f(x) =
∑n
i=0 fix
i over Fq2 is defined to be f(x) =
f0 + f1x + · · · + fnx
n, where ¯ : Fq2 → Fq2 is defined by α 7→ α
q for all α ∈ Fq2 .
A polynomial f(x) over Fq2 (with f(0) 6= 0) is said to be self-conjugate-reciprocal if
f(x) equals its conjugate-reciprocal polynomial f †(x) := f∗(x). If, in addition, f(x)
is monic and irreducible, it is said to be self-conjugate-reciprocal irreducible monic
(SCRIM). SCRIM polynomials have been used for characterizing Hermitian self-dual
cyclic codes in [4]. However, properties of SCRIM polynomials have not been well
studied. Therefore, it is of natural interest to characterize and to enumerate such
polynomials.
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2 Preliminaries
In this section, basic properties of polynomials that are important tools for studying
SCRIM polynomials are recalled.
Let q be a prime power and let n be a positive integer such that gcd(n, q) = 1.
Let ordn(q
2) denote the multitplicative order of q2 modulo n. For each 0 ≤ i < n,
the cyclotomic coset of q modulo n containing i is defined to be the set
Clq(i) = {iq
j mod n | j ∈ N0}.
A minimal polynomial of an element α ∈ Fqm with respect to Fq is a nonzero monic
polynomial f(x) of least degree in Fq[x] such that f(α) = 0.
Theorem 2.1 ([6, Theorem 3.48]). Let n ∈ N be such that gcd(n, q) = 1. Let m ∈ N
satisfying n|(qm − 1) and α be a primitive element of Fqm. Then
M
(i)
Fq
(x) =
∏
j∈Clq(i)
(x− αj)
is the minimal polynomial of αi.
Remark 2.2. The polynomial M
(i)
Fq
(x) in Theorem 2.1 will be referred to as the
minimal polynomial of αi defined corresponding to Clq(i).
The order of a polynomial f(x), denoted by ord(f(x)), is defined to be the smallest
positive integer s such that f(x) divides xs − 1.
Remark 2.3. It is well know that if f(x) is an irreducible polynomial over Fq, then
f(x)|(xord(f(x)) − 1). Moreover, we have
xord(f(x)) − 1 =
t∏
i=1
M
(i)
Fq
(x)′
where t is the cardinality of a complete set of representatives of the cyclotomic cosets
of q modulo ord(f(x)) [6, Theorem 3.48]. It follows that any irreducible polynomials
over Fq can be viewed as M
(i)
Fq
(x) for some i.
The following property of the order mentioned in [8] and [5] is helpfull.
Lemma 2.4 ([5, Theorem 3.3]). If f(x) is an irreducible polynomial of degree n over
Fq, then ord(f(x)) is the order of any root of f(x) in the multiplicative group F
∗
qn.
3 Self-Conjugate-Reciprocal Irreducible Polynomials
In this section, we study self-conjugate-reciprocal irreducible monic (SCRIM) poly-
nomials over finite fields. Since a SCRIM polynomial is defined over a finite field
whose order is a square, for notation simplicity, we focus on polynomials in Fq2 [x].
We determine the orders and the number of SCRIM polynomials of a given degree.
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Lemma 3.1. Let α be an element in an extension field of Fq2 and let f(x) ∈ Fq2 [x].
Then α is a root of f (x) if and only if α−q is a root of f †(x).
Proof. Let f(x) = a0 + a1x+ · · ·+ anx
n. Then
f †(α−q) = α−qn(aq0 +
a
q
1
α−q
+ · · ·+
a
q
n
α−qn
)
= α−qn(a0 + a1α+ · · ·+ anα
n)q
= α−qn(f(α))q.
Therefore, α is a root of f (x) if and only if α−q is a root of f †(x).
Next lemma gives a necessary and sufficient condition for an irreducible polynomial
to be SCRIM. By Remark 2.3, it suffices to concentrate on M
(i)
F
q2
(x).
Lemma 3.2. M
(i)
F
q2
(x) is self-conjugate-reciprocal if and only if Clq2(i) = Clq2(−qi).
Proof. Assume M
(i)
F
q2
(x) = M
†(i)
F
q2
(x). Then αi is a root of M
†(i)
F
q2
(x). Since Clq2(−qi)
is a class corresponding to M
†(i)
F
q2
(x), By Theorem 2.1, i ∈ Clq2(−qi). Hence,
Clq2(i) = Ciq2(−qi).
Conversely, assume that Clq2(i) = Clq2(−qi). Then
M
(i)
F
q2
(x) =
∏
j∈Cl
q2(i)
(x− αj)
=
∏
j∈Cl
q2(−qi)
(x− αj)
=
∏
j∈Cl
q2(i)
(x− α−qj).
Since α−qj is a root of M
(i)
F
q2
(x) for all j ∈ Clq2(i), it follows that α
j is a root of
M
†(i)
F
q2
(x) for all j ∈ Clq2(−qi). Therefore, M
(i)
F
q2
(x) = M
†(i)
F
q2
(x) as desired.
Theorem 3.3. The degree of a SCRIM polynomial must be odd.
Proof. Assume that M
(i)
F
q2
(x) has degree t. If t = 1, then the degree of M
(i)
F
q2
(x)
is odd. Suppose t 6= 1. Then, by Lemma 3.2, we have Clq2(i) = Clq2(−qi) and
|Clq2(i)| = t > 1. Then there exists 0 ≤ j < t such that
i ≡ (−qi)q2j (mod n).
It follows that
−qi ≡ (−q)(−qi)q2j (mod n)
≡ iq2j+2 (mod n),
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and hence,
i ≡ iq2j+2q2j (mod n)
≡ iq2(2j+1) (mod n).
Since t = ordord(i)(q
2) is a divisor of ordn(q
2), it follows that
t|(2j + 1),
where ord(i) denotes the additive order of i in Zn. Then 2j+1 = kt for some positive
integer k. Since 0 ≤ j < t, we have kt ≤ 2j+1 < 2t. It follows that k = 1, and hence,
t = 2j + 1 which is odd.
Next, we determine the number of SCRIM polynomials of degree 1.
Proposition 3.4. There are q + 1 SCRIM polynomials of degree 1 over Fq2.
Proof. Let f(x) be a polynomial over Fq2 of degree 1. Then f(x) = x + a for some
a ∈ Fq2 . Thus f
†(x) = x+a−q. The polynomial f(x) is SCRIM if and only if a = a−q.
Equivalently, aq+1 = 1.
Since (q + 1)||F∗q2 | and F
∗
q2 is a cyclic group, there exists a unique subgroup H of
order q + 1 of F∗q2 . Clearly, a
q+1 = 1 if and only if a ∈ H. Hence, the number of
SCRIM polynomials of degree 1 over Fq2 is q + 1.
Example 3.5. By proposition 3.4, there are 6 SCRIM polynomials of degree 1 over
F25. In order to list all of them, we assume that F
∗
25 = 〈α〉. It can be easily seen that
16 = 1 = (α4)6 = (α8)6 = (α12)6 = (α16)6 = (α20)6.
Hence, all SCRIM polynomials of degree 1 over F25 are x + 1, x + α
4, x + α8,
x+ α12, x+ α16 and x+ α20.
From now on, we assume that the polynomials have odd degree n ≥ 3. We
determine the number of SCRIM polynomials of degree n ≥ 3 by using the orders of
SCRIM polynomials of degree n over Fq2 . The following three lemmas are important
tools for determining the order of SCRIM polynomial.
Lemma 3.6 ([8, Proposition 2]). Suppose a, r and k are positive integers with r even.
If a divides qr − 1 and a divides qk + 1, then a divides qr/2
s
+ 1 for some positive
integer s.
Lemma 3.7 ([8, Proposition 1]). Let a be a positive integers with a > 2. If m is the
smallest positive integer such that a divides qm + 1, then, for any positive integer s,
the following statements hold.
1. a divides qs + 1 if and only if s is an odd multiple of m.
2. a divides qs − 1 if and only if s is an even multiple of m.
Let Dn be the set of all positive divisors of q
n + 1 which do not divide qk + 1 for
all 0 ≤ k < n.
Proposition 3.8. Let f(x) be a SCRIM polynomial of degree n over Fq2. Then
ord(f(x)) ∈ Dn. Moreover, if α ∈ Fq2n is a root of f(x), then α is a primitive d-th
root of unity for some d ∈ Dn.
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Proof. Let α ∈ Fq2n be a root of f(x). Since f(x) is SCRIM, by Lemma 3.1, f(
1
αq
) = 0
and we may write
1
αq
= αq
2t
for some positive integer t. Then αq
2t+q = 1 and thus
ord(α) divides q2t + q. Since gcd(q, ord(α)) = 1, we have ord(α)|(q2t−1 + 1). From
α ∈ Fq2n , then ord(α) divides q
2n − 1. By Lemma 3.6, we have that ord(α) divides
q2n/2
s
+ 1 for some positive integer s. Since n is odd, it follows that s = 1. Then
ord(α)|(qn + 1).
Let t be the smallest nonegative integer such that ord(α)|(qt+1). Since deg(f(x)) ≥
3, we have ord(α) ≥ 3, and hence, t ≥ 1. By Lemma 3.7, n is an odd multiple
of t. Using arguments similar to those in the proof of [8, Proposition 4], we have
n = t. Therefore, ord(α) ∤ (qk + 1) for all 0 ≤ k < n. Hence, by Lemma 2.4,
ord(f(x)) = ord(α) ∈ Dn. From this, it can implies that α is a primitive d-th root of
unity for some d ∈ Dn.
Corollary 3.9. Let f(x) be a SCRIM polynomial of degree n over Fq2 . If α is a
primitive element of Fq2n and α
j is a root of f(x), then
ord(f(x)) =
q2n − 1
gcd(q2n − 1, j)
.
Proof. Let α be a primitive element of Fq2n and let α
j be a root of f(x). Then
ord(αj) =
q2n − 1
gcd(q2n − 1, j)
.
From Lemma 2.4, we know that if f(x) is irredeucible of degree n, then ord(f(x)) is
the order of any root of f(x) in the multiplicative group F∗q2n , so ord(α
j) = ord(f(x)).
Hence, ord(f(x)) = ord(αj) =
q2n − 1
gcd(q2n − 1, j)
.
Proposition 3.10. If d ∈ Dn and β is a primitive d-th root of unity, then the set
{β, βq
2
, ..., βq
2(n−1))
} is a collection of n distinct primitive d-th roots of unity.
Proof. Since d|(qn + 1), we have d|(q2n − 1). Let 0 ≤ i ≤ n− 1. From d|(q2n − 1), it
follows that gcd(d, q2i) = 1 and βq
2i
is a primitive d-th root of unity. If βq
2i
= βq
2j
for
some 0 ≤ i < j ≤ n−1, then βq
2i−q2j = 1 so that d divides q2i− q2j = q2i(q2(j−i)−1).
Since gcd(d, q2i) = 1, we see that d divides q2(j−i)−1. Hence, by Lemma 3.7, 2(j−i) =
kn for some even positive integer k. But then j =
kn
2
+i ≥ n, a contradiction. Hence,
βq
2i
’s are distinct.
Let d ∈ Dn and let β be a primitive d-th root of unity over Fq2 . Define the
polynomial fβ(x) =
n−1∏
i=0
(x− βq
2i
).
Proposition 3.11. fβ(x) is a SCRIM polynomials of degree n and order d.
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Proof. Using the definition of fβ(x) and the fact that n is odd, we have
f
†
β(x) =
n−1∏
i=0
(x− βq
2i
)†
=
n−1∏
i=0
x(−βq
2i
)−q(
1
x
− βq
2i+1
)
=
n−1∏
i=0
(−β−q
2i+1
)
n−1∏
i=0
(1− βq
2i+1
x)
=
n−1∏
i=0
(−β−q
2i+1
)
n−1∏
i=0
βq
2i+1
n−1∏
i=0
(β−q
2i+1
− x)
=
n−1∏
i=0
(x− β−q
2i+1
). (3.1)
We claim that {βq
2j
| 0 ≤ j ≤ n− 1} = {β−q
2i+1
| 0 ≤ i ≤ n− 1}.
Let β−q
2s+1
∈ {β−q
2i+1
| 0 ≤ i ≤ n− 1}. Then
β−q
2s+1
= βq
2s(−q) = (β−q)q
2s
= (βq
n+1
)q
2s
= βq
n+1+2s
.
Since n is odd, we have β−q
2s+1
= βq
2l
for some 0 ≤ l ≤ n − 1. Hence, β−q
2s+1
∈
{βq
2j
| 0 ≤ j ≤ n− 1}.
Let βq
2i
∈ {βq
2j
| 0 ≤ j ≤ n− 1}. Since n is odd, we have
βq
2i
= βq
n+1+2s
= (βq
n+1
)q
2s
= (β−q)q
2s
= βq
2s(−q)
for some 0 ≤ s ≤ n − 1. Hence, βq
2i
∈ {β−q
2i+1
| 0 ≤ i ≤ n − 1}. Therefore,
{βq
2j
| 0 ≤ j ≤ n− 1} = {β−q
2i+1
| 0 ≤ i ≤ n− 1} as desired.
From (3.1) and the fact that {βq
2j
| 0 ≤ j ≤ n − 1} = {β−q
2i+1
| 0 ≤ i ≤ n − 1},
we have
f
†
β(x) =
n−1∏
i=0
(x− β−q
2i+1
)
=
n−1∏
j=0
(x− βq
2j
)
= fβ(x).
Suppose that fβ(x) is witten as fβ(x) = g(x)h(x), where g(x) is an irreducible
monic polynomial of degree r and h(x) is a monic polynomial of degree n− r. Let α
be a root of g(x). Then
αq
2r−1 = 1.
Since α is a root of fβ(x), α is a d-th-root of unity. Hence,
d|(q2r − 1).
Since d divides qn + 1, by Lemma 3.7, 2r is an even multiple of n. Since r ≤ n, we
have r = n and fβ(x) = g(x) is irreducible.
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The construction of a SCRIM polynomial fβ(x) can be illustrated as follows.
Example 3.12. Let n = 3 and q = 3. Then D3 = {7, 14, 28}. Assume that
F∗729 = 〈α〉. Since the set {α
52, α468, α572} is a collection of 3 distinct primitive 14-th
roots of unity, it follows that
fα52(x) = fα468(x) = fα572(x) = (x− α
52)(x− α468)(x− α572).
By Theorem 3.11, fα52(x) is a SCRIM polynomial.
Lemma 3.13 ([5, Theorem 2.45]). Let F be a field of characteristic p and let n be
a positive integer not divisible by p. Let ζ be a primitive d-th root of unity over F.
Then
xn − 1 =
∏
d|n
Qd(x), (3.2)
where Qd(x) =
n∏
s=1, gcd(s,n)=1
(x− ζs).
Note that Qd(x) can be viewed as
Qd(x) =
∏
η∈D
(x− η),
where D is the set of all primitive d-th roots of unity over F.
Theorem 3.14. Let f(x) be an irreducible monic polynomial of degree n over Fq2.
Then the following statements are equivalent:
1) f(x) is self-conjugate-reciprocal.
2) ord(f(x)) ∈ Dn.
3) f(x) = fβ(x) for some primitive d-th root of unity β with d ∈ Dn.
Proof. By Corollary 3.9 and Proposition 3.11, it remains to prove 2) implies 3). As-
sume ord(f(x)) ∈ Dn. Let p be the characteristic of Fq2 . Since gcd(p, ord(f(x))) = 1,
by Lemma 3.13, we have
xord(f(x)) − 1 =
∏
ℓ|ord(f(x))
Qℓ(x).
Since f(x)|(xord(f(x)) − 1), we have f(x)|Qd(x) for some divisor d of ord(f(x)). Then
d|(qn + 1).
We claim that d ∈ Dn. Suppose d|(q
k +1) for some k < n. Then d|(q2k − 1), i .e.,
q2k ≡ 1 (mod d). From [5, Theorem 2.47], n is the smallest positive integer such that
q2n ≡ 1 (mod d). Since k < n, we have a contradiction. Therefore, d ∈ Dn.
Let γ be a primitive d-th root of unity over Fq2 . Since q
2n ≡ 1 (mod d) and
q2k 6≡ 1 (mod d), for all 0 ≤ k < n, it follows that γ ∈ Fq2n but γ 6∈ Fq2k for all
0 ≤ k < n. Then the minimal polynomial of γ has degree n. Since f(x) is irreducible
and f(x)|Qd(x), there exists a primitive d-th root of unity δ such that its minimal
polynomial equals f(x).
Finally, we show that f(x) = fδ(x). Since fδ(x) and f(x) are monic irreducible
polynomials of the same degree n and δ is a root of fδ(x), we have f(x) = fδ(x).
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In the next theorem, we determine the number of SCRIM polynomials of a given
degree.
Theorem 3.15. Let n ≥ 3 be an odd positive integer. Then following statements
hold.
1) For each d ∈ Dn, there are
φ(d)
n
SCRIM polynomials over Fq2 of degree n and
order d.
2) The number of SCRIM polynomials over Fq2 of degree n is
1
n
∑
dǫDn
φ(d).
Proof. For each d ∈ Dn, there are φ(d) primitive d-th root of unity. For each primitive
d-th root of unity β, fβ(x) has degree n by [5, Theorem 2.47]. Therefore, there are
φ(d)
n
SCRIM polynomials over Fq2 of degree n and order d. Hence, 1) is proved.
Next, we show that d = ord(fβ(x)). From the proof of Theorem 3.14, we know d ≤
ord(fβ(x)). Since fβ(x)|Qd(x), we have fβ(x)|(x
d−1). It follows that ord(fβ(x)) ≤ d.
Hence, d = ord(fβ(x)).
The statement 2) follows from 1) and the equivalence of the statements 1) and 2)
in Theorem 3.14.
Example 3.16. Let q = 3 and n = 3. Then D3 = {7, 14, 28}. Let α be defined as
in Example 3.12. Then, we have the following properties.
1) If d = 7, there are 2 SCRIM polynomials over F32 of degree 3 and order 7 which
are x3 + a3x2 + a5x+ 2, and x3 + ax2 + a7x+ 2.
2) If d = 14, there are 2 SCRIM polynomials over F32 of degree 3 and order 14 which
are x3 + a5x2 + a7x+ 1 and x3 + a7x2 + a5x+ 1.
3) If d = 28, there are 4 SCRIM polynomials over F32 of degree 3 and order 28
which are x3 + ax2 + ax + a6, x3 + a3x2 + a3x + a2, x3 + a5x2 + ax + a2 and
x3 + a7x2 + a3x+ a6.
Table 3.1 displays the number of SCRIM polynomials of degree n = 1, 3, 7, . . . , 15
over Fq2 , where q = 2, 3, 5.
The order of SCRIM polynomials of degree n = 11 over F4 are listed in Table 3.2
together with the number of SCRIM polynomials of degree n = 11 over F4 of a given
order.
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q n The number of SCRIM polynomials of degree n over Fq2
2 1 3
3 2
5 6
7 18
9 56
11 186
13 630
15 2182
3 1 4
3 8
5 48
7 312
9 2184
11 16104
13 122640
15 956576
5 1 6
3 40
5 624
7 1160
9 217000
11 4438920
13 93900240
15 2034504992
Table 3.1: The number of SCRIM polynomials of a given degree over Fq2 .
Order The number of SCRIM polynmials of each order
99 4
331 22
993 44
2979 132
3641 220
10928 440
32769 1320
Total 2182
Table 3.2: The number of SCRIM polynomials of degree 15 over F4.
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